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IMAGINARY QUADRATIC POINTS ON TORIC 
VARIETIES VIA UNIVERSAL TORSORS 

MARTA PIEROPAN 


Abstract. Inspired by a paper of Salberger we give a new proof of 
Manin’s conjecture for toric varieties over imaginary quadratic number 
fields by means of universal torsor parameterizations and elementary 
lattice point counting. 
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1. Introduction 


Let k he a number field. Around 1989, Manin predicted an asymptotic 
formula for the distribution of rational points on Fano varieties over k: there 
exists an open subset U of the variety X such that 

#{xeU: H{x) < R} ~ Cx,H,kB{\og (1) 

where H : X(k) —)• M>o is the height function defined by an adelic metric on 
the anticanonical sheaf, r is the rank of the Picard group of X, and Cx,H,k 
is a constant independent of B |FMT89| . The constant Cx,H,k depends on 
X, H and k, and has been interpreted in terms of Tamagawa numbers by 
Peyre |Pey95| |Pey03| . 

The asymptotic formula © above does not hold for all Fano varieties 
(cf. [BT96| L but has been verified for some families of varieties and many 
specific examples. The proofs of the known cases make use of various tech¬ 
niques: the Hardy-Littlewood circle method applies to complete intersec¬ 
tions whose dimension is large compared to the degree (e.g. [Bir621[Pey95| ), 
harmonic analysis on adelic points works for certain equivariant compactifi- 
cations of algebraic groups (e.g. |BT981[CLTn2| L other proofs employ torsor 
parameterizations and lattice point counting. This last idea goes under the 
name of “the universal torsor method”. It was introduced by Salberger, who 
proved Manin’s conjecture for complete smooth split toric varieties over Q 
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with anticanonical sheaf generated by global sections |Sal98| . and was then 
applied to many other varieties over Q: for example, some (singular) del 
Pezzo surfaces (e.g. [Bre02l IBBOTi IBI^OTl IBB13] 1 and Chatelet surfaces 
(e.g. IBBP12] ). 

The circle method and harmonic analysis work for families of varieties over 
arbitrary number fields, but require that the varieties satisfy very special 
properties. On the other hand, the universal torsor method applies to a 
wider range of varieties, but has been handled mainly over Q. Only recently, 
a generalization of this method to other number fields was started [D.T13[ 
IFre13llTm^lDF14bllTTFT^lFPT4] . 


Universal torsors were introduced and studied by Colliot-Thelene and 
Sansuc |CTS76[ ICTS87j to investigate the rational points on geometrically 
rational vartieties. A universal torsor of A is a geometric quotient vr ; 
T —>■ A of T by the Neron-Severi torus Tjys of A, which is the group of 
^-characters of the geometric Picard group Pic(A). For a complete variety 
with Pic(A) free and split (i.e. with trivial Galois action) of rank r and with 
a proper model A over the ring of integers Ok of k, the set of rational points 
X{k) coincides with the set of integral points X{Ok) and is parameterized 
by the integral points on the universal torsors if : T ^ A of A. The fiber of 
TT over each O^-point is either empty or isomorphic to (O^Y, hence counting 
rational points on A is the same as counting integral points on the torsors 
T modulo the action of {O^Y. 

There are at least two reasons why so far the universal torsor method 
has been applied mainly over Q. Firstly, because over Z there is just one 
isomorphism class of torsors T in the split case, while over number fields 
of class number greater than 1 one has usually to count lattice points on 
more than one torsor 7”. Secondly, because the fibers of a universal torsor 
morphism over Z are finite of the same cardinality ^{T^^Y — 2^- Hence, the 
number of points on a subset of A is obtained by counting the number of 
points on its preimage under tt and then dividing by 2^. A similar trick works 
if k is an imaginary quadratic field. This explains why the first applications 
of the universal torsor method to number fields beyond Q |DJ13l IDF14ai 
IDF14bl IDF15] consider imaginary quadratic fields. 

If is not finite, one needs to work with a fundamental domain for the 
action of {O^Y T{Ok) (see [Frel3] i. This leads sometimes to count lattice 
points in unbounded regions that require refined techniques [FP14| . This last 
paper offers a systematic and explicit way to produce parameterizations in 
terms of lattice points on twisted universal torsors for varieties over number 
fields with arbitrary class number and applies it to a specific singular del 
Pezzo surface of degree 4. 


Toric varieties are a classical topic in the literature about Manin’s con¬ 
jecture. We recall that Schanuel’s asymptotic formula for the number of 
points of bounded height on projective spaces of any dimension over arbi¬ 
trary number fields |Sch79| inspired Manin’s conjecture |FMT89j . Smooth 
projective toric varieties have been worked out via harmonic analysis over 
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arbitrary number fields |BT98j and over global fields of positive characteris¬ 
tic |Bou m. Salberger considered complete smooth split toric varieties over 
Q with anticanonical sheaf generated by global sections to test the univer¬ 
sal torsor parameterization and other innovations in his remarkable paper 
[Sal98j . the error term in his result was then improved by de la Breteche in 
[BreOlal by means of the precise estimations of multiple sums of arithmetic 
functions he developed in [Brenib] , 

In our paper we generalize Salberger’s proof to imaginary quadratic fields. 
It is the first proof of Manin’s conjecture via the universal torsor method for 
a family of varieties over number fields beyond Q. Moreover, like Salberger’s 
and de la Breteche’s results, our main theorem below covers some complete 
non-projective toric varieties (for example Oda’s threefold |Oda78[ §1.9.4]) 
that have been neglected by [BT98] and [Boullj . 

The main result of this paper is the following theorem. 

Theorem 1. Let X be a smooth equivariant compactification of a split torus 
T over an imaginary quadratic number field k. Assume that the anticanon- 
ieal sheaf of X is generated by its global seetions. Let H be the torie anti- 
canonical heiaht function on X(k) dehned in |Sal98l SlOj. and let N^r u t. (B) 
be the number of k-rational points on T of torie anticanonical height at most 
B. Then, for all e > 0, 

NT,H,k{B) = Cx,H,kB{logBy-^ + 0{B{1 + log 

where r is the rank of the Picard group of X, f is the smallest positive 
integer such that there exist f rays of the fan T, defining X not contained in 
a cone o/S, and Cx,H,k is the constant predicted by Peyre in |h*ey95| . 

The constant Cx,H,k is the product 

a{X)^^\Xk\-^/^hlw^''{2^:)^fiT.ma., (2) 

where a{X) is the volume of a certain polytope in the dual of the effec¬ 
tive cone of X defined in |Pey95t §2] (cf. |Sal98l §7]), k is a product of 
non-archimedean local densities (cf. ([8l) and Proposition I15p . is the dis¬ 

criminant of k, hk is the class number of k, is the number of roots of 1 
contained in k, and N and ifTimax are the number of rays and the number 
of maximal cones, respectively, in the fan defining X. 

This paper is organized as follows. In Section [2] we recall the Cox rings of 
split toric varieties, which are polynomial rings by [Cox95| . and we describe 
the the associated universal torsors, which are open subsets of affine spaces 
whose complements are defined by monomial equations. These equations 
are determined by the combinatorics of the toric varieties, and turn into 
coprimality conditions on the affine coordinates of the integral points on 
the twisted universal torsors that we use to parameterize rational points via 
lattice points. The anticanonical height function H defined in [Sal98| is the 
pullback of the Weil height 

H^r, \ P"(A:) M>o, {xq :■■■■. Xn) ^ TT max \xi\y, 

0<2<n 

where is the set of places of k and \ ■ \u are the absolute values on the 
completions k^ of k normalized as in iJl.Il under a morphism X —)• defined 
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by the anticanonical sheaf. We prove that the height of the integral points 
on the twisted universal torsors can be expressed in terms of the coordinates 
of the affine spaces containing the torsors as a product involving just the 
archimedean places (cf. Proposition [2|). 

In Section [3] we study a multiplicative function, introduced in |Pey95| 
and used also in [Sal98| . attached to the characteristic function of the set 
of integral coordinates that belong to the universal torsor, and we perform 
Mobius inversion to get rid of the coprimality conditions. Thus, we reduce 
to count lattice points in bounded subsets D{B) of an M-vector space = 


Section S] contains the proof of Theorem [TJ Since the height function 
depends only on the absolute value of the coordinates, we partition C'^ in 
strongly convex rational polyhedral cones, each of them spanned by a fun¬ 
damental domain of the lattice which is a parallelotope F with the property 
that, for every lattice point x in the cone, x + F intersects the boundary 
of the region D{B) defined by the height function if and only if the lifted 
height of X is at most B and the height of x -|- 7 is strictly greater than B, 
where 7 is the long diagonal of the parallelotope (cf. Subsection 14.2p . For 
each cone C, we compare the number of lattice points in C n D{B) with the 
volume of the region C H D{B) (cf. Proposition I14p . and we estimate the 
difference by counting the number of lattice points x E C (1 D{B) such that 
X + F C n D{B) (cf. Proposition [T^. 

In the last section we show that the constant Cx,H,k obtained in Section 
[Hand described above verifies Peyre’s conjecture |Pey95 Conjecture 2.3.1]. 

The results of Sections [2] and [3] up to il3.2l hold for arbitrary number fields. 
Then we restrict to imaginary quadratic fields, because a generalization of 
the proofs in [Sch791 IFrel3] does not seem to be straightforward. 


1.1. Notation. Let /c be a number field. Let flfc be the set of places of k, 
klf the set of finite places of k and Ooo the set of infinite places of k. For 
every u £ we denote by k^ the completion of k at the place u. For 
every 1 / E 11/, if p is the prime ideal of Ok corresponding to u, we denote by 
Fp = Fjy = Ofc/p the residue field of k^,- 

For every z/ E let | • : /cj/ ^ M>o be the absolute value of k^, 

normalized as follows: if D is the place of Q below v and Qp is the completion 
of Q at i>, then 1-1,^:= \Nk^/Q-{-)\u, where | • Ip is the usual real or p-adic 
absolute value on Qp. 

For every nonzero fractional ideal a of fe, we denote by N{a) E Q its 
absolute norm. 

If Li,..., are lattices (or fundamental domains of lattices) in C = 
we denote by 0(Li the lattice (respectively, the fundamental domain) in 
C" = obtained as direct sum of the Lj. 


2. Universal torsors and heights on toric varieties 

2.1. Parameterization via universal torsors. Let X be a smooth com¬ 
plete toric variety over a number field k that is an equivariant compactifi- 
cation of a split torus T. We denote by T* the lattice of cocharacters of T 
and by S the fan in T^r := T* 1^ that defines X. 
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By |(;TS76[ §4] and [SMl §8], we know that X has a universal torsor 
TT : T X, which is unique up to isomorphism and can be realized as the 
the toric variety defined by the pullback of S under the morphism of lattices 

—y T"*, p I—>■ Up, 

where Up is the unique generator of /? H T*, A* := 0pgs(i) ^(1) 

denotes the set of rays of S. We denote by A = 7r“^(T) the torus contained 
in T whose group of cocharacters is A*. By |Cox95j the Cox ring of X is a 
Pic(X)-graded polynomial ring in N := ^S(l) variables: 

Cox(X) = k[xp : p € £(!)], 

where B(l) is the set of rays of S, and the degree of the variable Xp is the 
class of the prime toric invariant divisor Dp corresponding to the ray p. The 
Cox ring of X is the ring of global sections of the structure sheaf of T (see 
[ADHLl^ §6.1] and [DP141 §3.2]). Moreover, there is an open embedding 
T := SpecCox(X) whose complement is the closed subset defined by 

the monomials 

® Xpt ^ € ^max: 

PGS(1)x(t(1) 

where is the set of maximal cones of S, and cj(1 ) is the set of rays of 

S contained in the cone a fsee |Sal98l §8]). 

Let Ok be the ring of integers of k. By [Sal98l Remark 8.6] (cf. [FP141 
Theorem 3.3]), the universal torsor T —)■ X admits an O^-model T —>■ AT, 
which is a universal torsor of the toric O^-scheme X defined by the fan S, 
and 

f = (3) 

Fix a basis ii,... ,ir of Pic(Al) (namely, an isomorphism Pic(X) = Z'"). 
Let C be a system of representatives for the class group of k. By |FP14[ 
Theorem 2.7], the universal torsor T —X induces the following parameter¬ 
ization of the set of rational points of X: 

x{k) = □ M.nok)), (4) 

ceC^ 

where cit : jT ^ X is the twist of T —>■ X defined in |FP14[ Defini¬ 
tion 2.6]. The parameterization can be made explicit as follows. For ev¬ 
ery c = (ci,...,Cr) € and every divisor D of X, let := 
where ai,...,ar G Z are determined by the equality [D] = ™ 

Pic(X). For every x = (xp)pgs(i) € and c G C’’, let = {c^^)p(zj^(i) 
be defined by := XpC~^p for all p G Z(l). For every a G T^max, let 
■= EpeS(i)x,T(i) Dp and := npGS(i)x< 7 (i) With this notation, 

cf (Ofc) = {x G 0 = Ok] C k^ (5) 

pGS(l) (tGS max 


for all c G C’’, by |FP14l Theorem 2.7] (cf. |Rob98l p. 15]). 
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2.2. Anticanonical height function. We recall the anticanonical height 
function defined by Salberger in [Sal98[ §10] and list some of its properties. 
We need first some notation. 

For every torus invariant divisor D = of X and for every 

<7 £ '^max, let U(j,D be the character of T determined by Ua^ninp) = ap for 
all p € and define D{a) := D - Ua,D{np)Dp. 

We denote by —K the anticanonical divisor 
ery a € S^aa; and p € S(l), let a^^p := 1 — Ua-K{np), so that —K{a) = 
X]pes(i) oia,pDp. By [Sal98[ Proposition 8.7 (a)], we know that if the anti¬ 
canonical sheaf of X is generated by its global sections, then —K{a) is an 
effective divisor for all a G '^max-, and a^^p = 0 for all p € a (1). From now 
on, we assume that the anticanonical sheaf of X is generated by its global 
sections. 

Let u € For every x = (®p)pes(i) £ and every effective divisor 
D = X]pGS(i) ap-F*p of X, we denote by the product npgs(i) ^p^- 

Let H : X{k) M>o be the height function corresponding to the anti¬ 
canonical divisor —K defined in |Sal98[ (10.4)]. For every x £ T{k), 

H{tt{x)) = sup (6) 

by |Sal98[ Proposition 10.14]. For integral points on the twisted torsors that 
appear in o, the height Q can be expressed as product involving just the 
archimedean places as the following proposition shows. 

Proposition 2. Let c £ and x £ fr{Ok), then 
H{-k{x)) = n 


Proof. For every p £ S(l), let rnp^p,np^p £ Z be defined by the equalities 
c^p = Hp p™''’’*’ and XpOk = Op P"''’’’" > where Hp denotes a product over the 
prime ideals of Ok- Let u € LIj be a finite place associated to a prime ideal 
p of Ofc. Then 


sup 

(tGS 

max 


X-K{.) 


^ \ EpeE(l) 


We write 


mm 

(P^^max 


E 

PGS(l) 


ao-,pRp,p = mm 




= mm 

O'^'^rnax 


^ ^ C^a,p{pp,p m-p^p) -|- ^ ^ CX-cr^pnip^p 

^pes(i) pGS(i) 

ac7,p(Rp,p - mp,p) -k ^ m 


P:P> 


peS(i)\o-(i) 


pes(i) 


as Oo-^p = 0 for all p £ (t( 1) and [—iL((T)] = [—K] in Pic(A) for all a £ Timax- 
Since Xp £ c^p for all p £ S(l), the inequality Up^p > rrip^p holds for all 
p £ S(l). The coprimality condition ~ gives 


min 

f7GS 

max 


Y 

peS(i)\(T(i) 


- mp,p) = 0 . 
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Hence, Epes(i) = EpeE(i) "^p.P^ as -K{a) is effective 

for all a E T^max- □ 

Lemma 3. Let u E and x E T{ku) then 


\x-^L< sup 


S sup 

LL^^rnax 

Proof. By |Sal98[ Proposition 9.2] there exists a cone a E Smax such that 

< SUp.gy- lx 

— ^ ^^max ' — 




j.-K(rT) 


< 1. Then |x < \x 


-K{a)\ 


r-KicT)\ 


□ 


3. MOBIUS INVERSION 

3.1. Generalized Mdbius function. We introduce a generalized Mobius 
function, like in |Pey95 §8.5] and |Sal98[ §11], that we use to get rid of the 
coprimality condition in ([5]) via Mobius inversion. In order to do so, we fix 
some notation. 

Let I be the set of nonzero ideals of Ok- For every h = (t>p)pgs(i) € , let 

•= npes(i) ^(^p) ^ ^>0- For every prime ideal p of Ok, we denote by 
Ea p a sum over the set of 0 = (0p)pgs(i) £ such that 0p is a nonnegative 
power of p for all p E S(l). We denote by Hp a product over all prime ideals 
of Ok, and by EAf(a)<6! Ev(i))>6 a sum over the set of 0 E that satisfy 
N{d) < b, N{P) > b, respectively. 

For every ^ = (f’p)pgs(i) ^ and for every effective divisor D of the 
form Epes(i) “p-^p on let := npGS(i) ^ 7 - We denote by 

{ 0 , 1 } 

the characteristic function of the subset 

{b E b^" = Ok} C T 

trGS 

max 

For every 0 E , let 


■N 


Xo : 2: 


■N 


{ 0 , 1 } 


be the characteristic function of the subset 

{b E : 0|y C X^, 
where 0|b means bp C 0^ for all p E S(l). 


By |Pey95 Lemme 8.5.1], there exists a unique function p : X^ 
such that 

X= Y 

which satisfies, for every 0 E X^, 


Z 


= n^(^p)’ 


(7) 


where 0p := (0p,p)p6S(i) with 0p^p a nonnegative power of p such that 0p = 
Hp t>p,p holds in Ok for all p E S(l). 

The next proposition, analogous to [Sal98[ Lemmas 11.15 and 11.19], 
shows some properties of p that we use later. 

















MARTA PIEROPAN 


Proposition 4. Let f € Z>o be the smallest number of rays of S not con¬ 
tained in a cone ofT,. Then 

(i) the product Hp p converge abso¬ 

lutely and coincide for s > 1/f; 

(ii) EAr(o)<fe l^(^)l = for all e > 0; 

(iii) EAr(o)>fe(l/^(^)l/^(^)) = 0{b^/f-^+^), for all e > 0. 


Proof. To prove (i) 


we note that dm gives 


^ Ia^(^)I 

^ N(dy 

N(d)<b 


E n 

oex^ P 

N{l)<b 


l/^(^p)l 


p p.p 


\m\ 

N{dy 


for all s € M and 6 > 0 , and 


lim 

b—^oo 


N(b)<b 


\m\ 

N{dy 


TT'^ \h{'^)\ 

liZ^ N(dy' 

n n n ''—' 


Hence, it suffices to show that Hp Eo p converges for s > 1//. 

Let p be a prime ideal of Ok- The sum Eo p finite, because 

/^((P'^'’)pes(i)) = 0 for all A^-tuples of non-negative integers (ep)pgs(i) such 
that Cp >2 for some p € E(l). If (ep)pgs(i) is an A^-tuple of non-negative 
integers, not all 0, and Cp = 0 for all p G S(1 )\(t(1 ) for a maximal 
cone cr G T^max, then //((p'''’)pes(i)) = 0- Therefore, if (ep)pgs(i) is an 
A^-tuple of non-negative integers, not all 0, such that /u((p®'’)pgs(i)) 7 ^ 0) 
then A^(p)'t|At((p®p )pes(i))- Then we can write 




1 + 


iV(p)/- 


-Q 



where Q is a polynomial with non-negative integer coefficients. For every 
A^-tuple (ep)pgs(i) of non-negative integers, pUp^’’) pej:(i)) does not depend 
on the choice of the prime ideal p. Hence, Q is independent of the choice of 
p. Thus 



is convergent for s > 1//. Here X]p denotes a sum over the prime ideals of 
Ok. 


Property (ii) follows from (i) because for every e > 0, 


E iM2)i<i>‘"+' E 

N{b)<b N(b)<b 


\m\ 

N(dy/f+^ 
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Property | (iii) | can be proven using (ii) as follows: 


\K^)\ ^ l/^(^)l 


E E 


If-®! 


N(d) ^ ^ b' ^ ^ b' + l 

N{d)>b b'>bN{b)<b' b'>b-l N{d)<b' 

-E E S I"®'" 

b'>bN{l)<b' ^ ’ V(0)<fe-1 

£E E E wffli = 

b'>bN{b)<b' N{b)<b-1 


o E''"" 


—2-\-s 


+ 0 


’(6-1)1//+^ 


Kb'>b 


After Proposition [ll[(i)] we define 


K := 


TT ^ Ai(^) 


N(d) ^ N(X))' 

P 3,P oex^ 


□ 


( 8 ) 


3.2. Mdbius inversion for imaginary qnadratic fields. From now on 
we assume that k is an imaginary quadratic extension of Q. Let Wk be the 
cardinality of the group of units of Ok ■ We identify with C the comple¬ 
tion of k at its only infinite place and we denote by | • |oo the corresponding 
absolute value normalized as in ani For every x € C'^, let 

h{x) := sup loo¬ 

ses 

max 

For every c G C'’, every 9 G and every S > 0, we define 

AAB) ■= {x G A(fc) n 0 DpiP'’ : h{x) < N{C^)B}, 

P6S(1) 

C,{B) := {x G cf(Ofc) n K{k) : H{^{x)) < B}. 


Let 0 G be defined by Op := Ok for all p G E(l). Then 

A,0(^) = {x^ A,o{B) : 0|cj. 

The sets defined above are finite, as the following proposition shows. 


Proposition 5. The sets A^^j){B) and Cc{B) are finite for all c G C’’, all 
0 G X^ and all B > 0. In particular A^^^{B) = 0 if N(d) > B. 

Proof. Let c G C^, 5 G X^, B > 0 and x G A^^B)- If Lemma [3] and 
the definition of —K give 


N{P_) = Nir^) < N{cfA = 


-K\ 

■X 


N{x 


-K\ 


< 


h{x) 


< B, 


N{c-^) ~ N{c-^) 

^p)N{d)~^B for all p G E(l), as Xp / 0 for all 
p G S(l). Thus A^^fiyB) is finite, and A^^fiyB) = 0 if A'(^) > B. Moreover, 
CfiB) is finite as it is a subset of A^^fiB) by ([5|) and Proposition [2l □ 


and hence, |xp|oo < 


Using the parameterizing property of universal torsors, we show that the 
counting function in Theorem[T]can be expressed in terms of the cardinalities 
of the sets CfiB) defined above. 
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Proposition 6. With defined in Theorem{l\ and the notation above, 

NT,H,k{B) = 

for all B > 0. 

Proof. Recall that N^^H^kiB) is the cardinality of the set 

{x € T{k) : H{tt{x)) < B}. 

Since 7r“^(T) = A, the parameterization Q gives 

Tik)= □ ,ir(,f(Ofc)nA(A:)). 

cGC'’ 

Let c G . Since clt is a torsor over X under G*” ~ by |FP141 Theorem 2.7], 

its fibers over the Ofc-rational points of X are either empty or isomorphic 
to {O^Y. Hence, each nonempty fiber of over an O^-rational point of X 
contains exactly points. □ 

In the next proposition we perform Mobius inversion to reduce the proof 
of Theorem [1] to estimating the number of points in the sets 

Proposition 7. For every c € and every B > 0, 

ficfiB) = Y, himAAB). 

Proof. The definition of x, fi and Xo; together with ([5]) and Proposition [5l 
gives 

ffCfiB) = Y a(%) = /^(^)Ao(%) = 

x£A^,a(B) xeAc,fiB) aex^ 

OGX^ xeAc,fiB) OGX^ 

4. Proof of Theorem [T] 

We prove Theorem [1] by estimating the cardinalities of the sets A^^j,{B), 
namely by counting lattice points in the following subsets of C'^. 

For every c G and every H > 0, let 

DfiB) ;= {x G : |xp|oo > N{AY Vp G S(l), h{x) < N{c-^)B}. 

We note that A^^fiB) = DfiB) n ©pg2(i) c G C*” and d G . 

In Proposition [T4] we approximate the cardinality of the sets A^^fiB) by the 
volume of DfiB) with respect to the Haar measure dj^jx on 
normalized such that the volume of a fundamental domain for the lattice 
©pgE(i) is 1. Hence, we first compute the volume of D^B). 
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4.1. Volume computation. Following [Sal98l Notation 9.1], we consider 


L : T(C) = r*R, X i-A (log |a:i|oo)i<*<dimX- 

For every maximal cone a € Smaxi let be the closure of cr) in 

V(C). 

Remark 8 . We observe that x € 7r“^(C'o-) if and only if joo < 1 for 


all p € (7(1), as the proof of |Sal981 Proposition 11.22] works with M replaced 


by C, and in this case h{x) = \x (cf. the proof of [Sal98[ Proposition 

9.8]). 


Proposition 9. Assume that r > 1. For every c G C’’ and 0 G , 



where a{X) is the constant apeyre{X) defined in |Sal98l §7], and the implicit 
constant in the error term does not depend on h. 

Proof. Fix c G C^. For every B > 0, the subset C C'^ is bounded 

by Lemma [3l For every a G Timax, let D^^fj{B) := DfiB) D 7r~^{Ca). Let 
a' a in Yimax and p G (t( 1) \ Since Joo = 1 for all x G 

Dc,a{B) n D^^fjfiB) (cf. proof of [Sal98[ Proposition 11.22]), and Ua,Dp 0, 
the set D^^fj{B) n D^^yfiB) is contained in a codimension 1 subvariety of 


^ M27V_ Hence, fj 





Fix u G Yraax- By |Lan70l Lemma V.2.2], the lattice in C = has 

determinant N{'i)pC^p)-s/\Afi\/2 for all p G S(l). Therefore, 



where dx is the usual Lebesgue measure on C'^ = . 


Passing to polar coordinates with pp := \xp\oo/X{c^p) for all p G T(l) 
gives 



where dy is the usual Lebesgue measure on and D[^{B) is the set of 
y G that satisfy 



(cf. Remark [8]). Moreover, [Sal98l (11.41)] gives 



□ 























12 


MARTA PIEROPAN 


As explained in the introduction, we compare the cardinality of the sets 
Ac^d{B) with the volume of D^{B) after intersecting both with a suitable 
partition of in strongly convex rational polyhedral cones. The next two 
lemmas are the tools to produce such a partition. 

4.2. Ideal lattices in C = We show how to produce a partition of 
C = in six cones generated by bases of an ideal lattice consisting of 
vectors of small length with respect to the determinant of the lattice, with 
the property that in each cone the sum of the generators is longer than their 
difference. 

Lemma 10. Let a be a nonzero fractional ideal of k. Then there exist 
vi,... ,vq € a such that, if we set vj := vi, then 

(1) [0, l)vi + [0, l)ni+i is a fundamental domain for the lattice a C C = 

for all i & { 1 ,, 6 }; 

( 2 ) we can write vi = {r]i,9i) in polar coordinates for i G {!,..., 6 } 
so that if we set Oj := 2 t: + 6 i, then 0 < Oi+i — Oi < ^ for all 
i G {!,... , 6 }; 

(3) |Pi|oo < 167 r“^|Afc|A'(a) for all i £ {I,... , 6 }. 

Proof. Let ici,t (;2 S a C be i?-linearly independent elements such that 
and \w 2 \ci‘^ are the first and the second successive minimum, respec¬ 
tively, of the lattice o C with respect to the unit ball. Let := Wi + W 2 . 
For i G {1,2,3}, write Wi = {ri[,9[) in polar coordinates with 0' G [0,27r). 
Without loss of generality we can assume that | — ^ 2 ! < Then 

the inequalities < \w 2 \]I^ < |rci + W 2 '^J^ force |03 — < § and 

1^3 — ^ 2 ! — f • ^2 := U 3 ■= W 2 , U 4 := —wi, U 5 := —W 3 and 

uq := —W 2 . For z G {1,... , 6 }, let Vi := Ui if 02 “ > 0, and Vi := ziy-j if 

0^ - 9[ < 0. 

We recall that the lattice a C has determinant N[a)'\/\Ak\/2 (see 
[Lan70[ Lemma V.2.2] for example). Then |Cas59l §VIIL4.3] gives 

I?ni|ook 2 |oo < 47r“^|Afc|iV(o)^. 

Hence, |zci|oo) |^P 2 |cxd < 47 r“^|Afc|A(a) as |zci|oo > 3V{a) for z G {1,2}. There¬ 
fore, |z;j|oo < 2(|'w;i|oo + |zc 2 |oo) < 167 r“^|Afc|iV(a) for all z G {1,..., 6 }. □ 

Lemma 11. Let L be a lattice inC = M^. Let vi,V 2 G L such that [0, l)z;i -|- 
[0, l)z ;2 is a fundamental domain for L and there are 0 i ,02 G M with 0 < 
02 — 01 < f o,nd Vi = {rji, 9i) for i G {1, 2} in polar coordinates. Then 

|^^^|oo < + a;|oo < |zn -|- ui -b z; 2 |oo 

for all w G Z>oPi -t- ^> 0^2 CLnd all x G [0, Ijzzi -|- [0, l]z; 2 ; x ^ vi + V 2 . 

Proof. Let w G Z>oz;i +Z>oV 2 and x G [0, Ijzzi -|- [0, l]z; 2 , x 7 ^ ui -|-z; 2 . We can 
write w = (z?,0) and x = {p',9') in polar coordinates, with 0i < 9,9' < 02 . 
Then 

I'R' + x|oo = |ip|oo + |aj|cxD — ‘2i]i]' cos( 7 r — 9 + 9'), 
and cos( 7 r — 0 -b 0') < 0, as \9' — 0| < 7 r/ 2 . Similarly, 

Izn -b Pi -b P 2 I 00 >11^ + x\oo + |Pl + P 2 - ic|oo, 
and |pi -b P 2 — 3 :|cxd > 0 as x 7 ^ pi -b P 2 - 


□ 
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Before proceeding with the comparison between the cardinality of the sets 
Ac^d{B) and the volume of D^{B), we estimate the number of lattice points 
close to the border of the domains D^[B) where we count them. 

4.3. Boundary estimation. First comes a technical result analogous to 
[Sal98[ Sublemma 11.24]. 

Lemma 12. Let e,ei,... ,6^ G Z>o, e > 0, B > 1, H G (0,1] such that 
DB > 1. Let Cr := max{ei,..., e^j/e. Then 

^ < max{l, er2'^^} {D B)^+log BY 

i=l 

where the sum runs through the set of positive integers yi,... ,yr that satisfy 

r 

max{yi ,... ,yr} < B and y^ < DB. 

i=l 

Proof. The proof goes by induction on r. Let S{D, e; ei,..., Cr) be the 
sum in the statement. Assume first that r = 1 . If ei = 0, then 

S{D, e; 0) < 1 + log B < (DB)^/^(1 + log B) (9) 

as DB > 1. If ei > 0, then 

S{D,B,e;ei) < y^~^ dy <—2^ {DBY/^ < 

Jo e 

< ei 2 "i(-DB)^/^(l + logB) 

as > 1 and B > 1 . Assume now that r > 1 . If = 0 , then 

Cr-l = €r and 

S{D, B,e-,ei,... ,er) = S{D, B, e; ei,..., er-i)S{D, B, e; 0) < 

< max{l, er2^^}{DBY^^{l + logil)^“^(l + logB) 
by the induction assumption and ([9]). If ei,..., > 0, then 

S{D,B,e;ei,...,er) = ^ yp ^ S{yY^^ D, B,e; ei,... ,er-i) < 

< max{l, e^2"’'}(DB)i/^(l + log BY-^S{D, B, e; 0) 

as {DBY^^^ < B and e^-i < e^. The expected result follows by @. □ 

The next proposition, inspired by [Sal98l Lemma 11.25(b)], estimates the 
number of lattice points near the border of certain subdomains of Dc{B). 

Proposition 13. Assume that r > 1. Let c € , h € , B > 1 and 

p G S(l). For every p G S(l), let Vpp,Vp ^2 G hpC'^'’ that satisfy Lemma [771 
for the lattice dpC^p in C = . Let 

F := ([0, l)up 4 + [0, l)np, 2 ), 

pes(i) 

and let 5c,^^p{F; B) be the set 

{x G A,^YD) n ^ (T.>oVpp + Z>oVpp) : h{x + 7 ) > N{c~^)B}, 
pes(i) 
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where 7 = (7p)pgE(i) G is defined by 'jp ■= Q if p p, 7 ^ := Vpp + vpp. 
Then there exist positive constants Bi and Ci, both independent of B and 
d, such that 

#6,,,,p{F-,B) < CiN{d)-^B{l + logBy-^ mm{N{d),l + logB}. 
for all B > Bi. 


Proof. For every a G T^max, let 6^ be the set of x G B) such that 

7r(x + 7) G Ca. Then B) < 


(jGSt) 


\'^cr,Dpi'^p/) ^ ^ 


fi^da and it suffices to show 
that for every a G Smax there are positive constants B' and C', both inde¬ 
pendent of B and 9, such that for all B > B', 

fida < C'N{d)-^B{l + logBfi-^ mm{N{d), 1 + logS}. 

Fix a G Umax- If X G B), then 7r(x + 7) G Co- if and only if 

n iv+7p'i^’ 

P'GS(l) 

for all p G cr(l), and in this case 

/i(x + 7)= |a;p + 7 pl^’^ 

peS(i)\(T(i) 

as recalled in Remark [51 Therefore, if ao,p = 0 then do = 0 for all R > 0. 
Hence, we assume that ao,p > 0. Thus, do is the set of x G 0pgs(i)(^>o^p,i+ 
that satisfy 


>N{dpC^y VpGS(l), 


^pjoo 


f^ploo ^ 


V+7pMoo V/?Ga(l), 


n 

P'GS(1)x,7(1) 

h{x) < N{c-^)B, 

n \xp + jpQ’^ > N{c-^)B. 

peS(i)\(T(i) 

Let S := S(l) \ ((t(1) U {p}). Then Lemma [3], (fTOll and (IT^ give 


( 10 ) 

( 11 ) 

( 12 ) 

(13) 


IIl^ 

pes 


p\oo ^ 


jV(c^peS'^p) 


n 


pgE(l)\S 


N{dp 


-B and 


H-^CT-p ^ 

Cp|oo ^ 


N{c- 


p&s 


iV(c)^ 


-B 


(14) 

for every x G do- Let S{B) be the set of {xp)p^s G 0 pg 5 ( 2 i>o?^p,i + ^>o'yp, 2 ) 
that satisfy m and such that Xp / 0 for all p £ S. 

For every x G do, condition m gives 


t^ploo ^ 


n 


N{c-^)B 

I I CX.(y p 

p^S Hploo 


1 

^<y,P 


( 15 ) 


Moreover, m can be written as 

ixp+7pi-’'^ni 

pes 


X 


p\oo 


> N{s-^)B 
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and together with the triangular inequality for 


, 1/2 . 

loo gives 


I'plOO 


> 



( 16 ) 


Therefore, for every {xp)p^s S S[B) there are at most 

vrlTpli ( N{t-^)B 
N{dpC^p) y HpeS l^ploo’^/ 

elements of Z>oUpq +Z>ot'p ^2 that satisfy the conditions (fT^ and (fTHl) . 
By (HH), for every {xp)p^s € S{B) and xp as above, there are at most 


n 

PGcr(l) 


Co 


Dp\ n iv+7p'ioo 

P- > p'GS(1)x,7(1) 


^(T,Dp iX'p ') 


N {^pC^p 


elements (xp)pg^(i) G ©pgCT(i) (^>oiip,i + ^>oiip, 2 ) such that (xp)pgs(i) € 
where Cq = (tt + 64|Afc|7r“^)/2. The equality Z)pe(T(i) Dp{a) = -K{a) - 

X]peS{i)\(T(i) together with the triangular inequality for | • |oo , Lemma 
[inland (fTn|) gives 

-iN—r 


A = 


C, 


0 


n 


peo-(i) 

C, 


NidpC 


Do 


n 


I I |L*cr,p -L 

kp + 7p|oo = 


pGS(l)\o-{l) 


•N—r 

0 


n 


peo-(i) 


NidpC 


Do 


Ip + 7p|c 


n 


\x 


\OLa,p 1 
p |oo 


< 


< 


C, 


N-r 

0 


rDo 


1 + 


4|A; 


npe(T(i) N{dpC 
Then (fT^ above gives 

C^-^iNic^)B)'^p 


vr 


PGS(1)\(t(1) 

I 1 \ 2(Qo-^p —1) 

'-) n 

/ pgS(l)\o-(l) 


|^CT,p 1 


A < 


n 


peo-(i) 


N(dpC 


Do 


1 + 




TT 


ni 

peS 


^p|oo 


I 


^p|oo 


Hence, there is a positive constant C independent of B and 0 such that for 
every (xp)pg5 G SiB) there are at most 


1-7 


C|7pl<^-B 

npGS(i)\5-^(®p- 


ni 

pgs 


‘^CT,p 


-1 


^p|oo 


elements (xp)pgs(i)\S € ©pes(i)xs(^>o^P,i+^>oiip, 2 ) such that (xp)pgs(i) G 

<5.. 

For every p ^ S, let i/p := \xp\oo/NidpC^p). Then 




#5. < 


(2Co)^-^CA(C 


)l7p|^pi-^ 


‘^(T,p 




EHW- 

pes 


-1 


( 17 ) 























16 


MARTA PIEROPAN 


where the sum runs through the set of (?/p )p£S G (^>o)^ ^ that satisfy 

UpesVp < and UpesVp^'^ < (OpesCD^.d) « 

Ac^^{B) = 0, then 6^ = 0. Hence, we assume that Ac^^{B) ^ 0. Then 
A^( 0 ) < B by Proposition O and npGS(i)\(T(i)< -B by (fTOjl and 
(HI and the fact that a^p = 0 for all p G (t(1). 

If fv® n,ffl(i).„(i) ^ipp) ^ 1) by Lemma [12] and Lemma fTO] there 
is a positive constant C" independent of B and 0 such that 

#«„ < + log By-K 

If w® n,ffl,iio,(i) iV(t)p) > 1 , then the inequality ([T7|) holds with 
the sum running through the set of (yp)pGS G {^>oY~^ that satisfy 

n^Pf Hyp"" ^ ^ n 

p£S p£S pGS(1)\(t(1) 


By Lemma [12] and Lemma fTO] there exists a positive constant C" indepen¬ 
dent of B and c) such that 


< C"N(d)-^B{1 +logBY-\ 

For every p € S, let Zp := \xp\oo/N{c^f’). We use Lemma fTOl to estimate 


| 7 p|oo- Then 


. (2Co)-^C4vr-^|Afe|tjV(DpC^P)^ 


EH 


<^cr,p 


-1 


where the sum runs through the set of {zp)p^s £ {'^>oY~^ that satisfy 


n ^p- n 

pgs peS 


< B. 


We recall that npGS(i)\ 5 -^(^p)”^ — |Sal981 Sublemma 

11.24] there exist positive constants > 1 and C"", both independent 
of B and 0, such that 

< C""B(1 + log BY~^ for all B > B'. 


Take C := max{C", C'", C""}. 


□ 


4.4. Lattice point counting. The next proposition compares the cardi¬ 
nality of the sets A^fi{B) with the volume of D^B) computed above. 


Proposition 14. Assume that r > 1. Let c G , 0 G . Then there are 
positive constants B 2 and C 2 , both independent o/0 and of B, such that 


- [ dc,oX 

Jdc_(b) 


<C 2 N{d) ^B{l+logBY ^ min{A^( 0 ), H-log B}. 


for all B > B 2 . 


Proof. If N{d) > B, then ffAc,^{B) = 0 by Proposition (5] By Proposition 
El there are positive constants B' and C", both independent of 0 and of B, 
such that bc, 0 X < CW( 0 )~^i?(logB)'’“^ for all B > B'. 

Assume now that ^"(0) < B. For every p G E(l), let Upq,..., Vp^ G 0pC^'’ 
that satisfy Lemma [TOl and let Vpj := Vpp. Let I :={!,... 
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For every i € /, let A := A(-B) n 0 pg 2 (i) (^>oAv +^>oA*p+i) 


/ = Y] 

Jd^{b) - 


'Di 


dc,0®- 


. Then, 


(18) 


Recall that = D^{B) n 0pgs(i) i ^ I. Let Aj^ ;= 

^c,d{B) n Di. Since Uie/ = D^{B), we can compute ^A^^^{B) using the 
inclusion-exclusion principle. For every i,i' €z I, i', there exists p G 5](1) 
and j G {hjl} such that ^ 4 , fl Ap C Lj^p{B), where 

Bj_AB) '■= (^>oUp,ip+i © ^ (^>oV,v ^>oV,v+i)) Id B^{B). 

p'GS(l)x{p} 

Then 




iei 


< 2*^ max #Li p{B), 
ie/,pgs(i) 


(19) 


and 




dc, 0 ^ 


< 2 *^ max #Li p{B) + Y 

iG/,pGS(l) ^ 

2 EJ 


4^A^ I df^gX 

JDi 


Fix i G I. We compare i^Ai with the volume of Di by counting the 
number of translated fundamental domains 

® ([dj 1 )Av + [d> B}Vppp+i) 

PGS(l) 

of 0 pes(i) contained in A and those that intersect the boundary 

A := {x G A : h{x) = N{s-^)B}. 

Let X be an element of 

Bi'-= (^>oXp,ip + Z>oXp,ip+i). 

P6S(1) 

By Lemma fTTl 

|Xp|oo ^ |Xp + Xploo |Xp T Xppp + Xppp-|_l|fx) 
for all p G S(l) and all x' G Fj. Let 7* := {vp^^ + Xppp+i)pgs(i)- Then 

^(x) < h{x + x') < h{x + 7 j) ( 20 ) 

for all gf G Fi. Hence, x + F) intersects A if and only if 

h{x) < N{c~^)B < h{x + ^i). 

Let 


Jj {x G Ai : X + Fj C A}; 

Si{B) := {xGAi: h{x + 7 *) > iV(c“'^)F}. 

Then = #4 + #Si{B) and dc,oX > # 4 . 

Write 4, dc,ax = Jjj, dc,ax + /n., n/ dc^gx with 

1 . ^ i. — i. 

D[ := A n {x G : |xp|oo > N{DpC^o), Vp G S(l)}. 
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Then 




d[,oX < 


l{xecr^:\xp\^<N{dpc^p), Vpes(l)} 


dc, 0 ® = (27r|Afc| 


N 


'D' 


dc,o^ < #{x € Lj : (x + Fi) H T>• 7^ 0}. 


Let xG Li such that (x + Fj) n F- / 0. Then h{x) < N{c~^)B by (1^ . 
If X ^ Ai, then there exists p E S(l) such that Xp = 0. Let z E Lj be defined 
by Zp := Vppp+i for all p E Ll(l). Then |zp|oo < 167 r“^|Afc|A(t)pC^p) for all 
p E S(l) by Lemma [T^ Let ?/ E (x + F,) n D[. For all p E S(l), then 


^p|oo 


< \yp\oo by Lemma fTTl and |yp|cxD > -A(c)pC'^p) since y ^ D[. Hence 


\xp + Zploo < 2(|xp|oo + \zp\oo) < 2(|2/p|oo + Ibvr ^\Ak\N{dpC^>’)) < 
<2(l + 167r-2|Afc|)|yp 


yploo- 


Then X + z E Li^p{CB), where C := (2(1 + 167 r- 2 1A^ EpeE(i) 


and 


/ d,,0X<#H,+ V #L^,p{CB). 
Jd'^ 


pes(i) 

For every p E S(l) and every x E Li^p(B) there exists an integer m > 0 
such that x + mvppp E SjJyB). Hence, ^Li^p{B) < ^SjJyB). Thus, 

[ d,,ax < #/* + (27r|Afc|-V2)Af + ^s,{B) + N#S,{CB), 

JDi 

and 

[ d[ gX 

and 


'Di 


< (27r|Afc|-V2)^ + (A + 2) max{#Si(F), #S,_{CB)}, 


#A,^^{B) - f dc,0X 
Jd,_{b) 


< 


< #/(27r|Afc|-i/2)A ^ ( 2 #^ ^ ^ 2)) max{#5i(F), #Si{CB)}. 

i&I 

It remains to estimate maxjg/{^S'i(F), 7 (t 5 j(C'F)}. Let iG I. For every 
X E S^_{B), there exists 7 E 0p6S(i){O>+ '^P,ip+i} and p E S(l) such 
that X + 7 E 5c,o,pi^v ^)- Hence, #S^_{B) < 2^ EpGE(i) H)- 

By Proposition [13] there exist constants B" > 1 and C" > vr^, both 
independent of h and B, such that 

#5,,^^p{Fi-, B) < C"A(h)-iF(l + logFf-2min{A(h),l + logF} 
for all B > B", all p E S(l) and all iGF Since C > 1, 

max{#5*(F),#S*(C'F)}< 

i&I 


< N2^C''N{-0)-^CB{l + log(CF))^-^ min{A(h), 1 + log(CF)} 




r-2 , 
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for all B > B". Take B 2 := max{i?', B"} and 

C 2 ■■= max{(7', {2*^ + #I{N + 2))N2^+^C"C{1 + log Cy-^}. □ 

Proof of Theorem [IJ For r = 1 see [Scli79| . For r > 1, Proposition [ 6 ] gives 

NT,H,kiB) = ^ V ifcyB). 

wl ^ 


cGC 


Let C 2 and B 2 be the constants in Proposition 1141 For all B > B 2 , Propo¬ 
sition [71 dHl), Proposition fTTl and Proposition S] (ii) and (hi) give 




{B)-k [ 

JL 


D.{B) 


dc, 0 :£ 


< E I''®! 






dc, 0 :£ 


< 


< (72-6(1 log 6) 


r-2 


ii^(^)i + (1+iog6) Y 


\N(2)<l+logB 


V(0)>l+logB 


\jm 

N{d) 


= 0(6(1 + log 6)^-2+V/+^) 

for all e > 0. Apply Proposition 0 with ^ = 0 . 


□ 


5. Compatibility with Peyre’s conjecture 


We conclude this paper by showing that the leading constant Cx,H,k in 
Theorem [H satisfies Peyre’s conjecture |Pey951 Conjecture 2.3.1], 

We denote by the ring of adeles of k. Let A(Afc)^ be the inverse image 
of 0 under the map 

A(Afc) ^ Homz( 6 |(A,G^)/ 6 '|(A;,G^),Q/Z) 

in |Sal98l Proposition 6.7], and let X{k) be the closure of the diagonal 
embedding of X{k) in A(Afc). Since X satisfies weak approximation by 
[SkoOll Theorem 5.1.2], the two inclusions 

^ C X{Akf C X{Ak) 


are equalities. We recall that since X is split there is just one isomorphism 
class of universal torsors over X. By |Sal98l Remarks 6.13, 7.8], Peyre’s 
conjecture coincides then with |Sal98[ Conjectures 7.12]: 


Cx,H,k = a{X)T{X, jj • ]|x). 


52 ] (cf. [SMI 


( 21 ) 
j7]), and by 


where a{X) is the constant defined in |Pey95 
|Sal981 Theorem 6.19], t{X, |1-|1x) is the Tamagawa number defined in [Sal98[ 
Definition 6.18] associated to the class of the universal torsor vr : T —^ A 
and to the adelic norm jj • ]jx for X that defines H (cf. [Sal98[ (10.4)]). 

We recall that Dj denotes the set of finite places of k. For all u G Gj, let 


Ou be the ring of integers of ky. Since the model T —>■ A is defined over 
Ou. |Sal98[ Proposition h.ldlal] and |Sal98[ Proposition 5.2010 )0 give the 


^cf. [SiMl (5.21)]. 
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following expression for t{X, || ■ ||x): 

0'(r^5(Afc)/rjv5(A:))moo(^oo(Afc)On7r(r(C))) n,(f(a)), 

ueUf 

where T^s — k Neron-Severi torus of X, that is, the torus dual to 

the geometric Picard group of A; T^^(Afc) is the kernel of the homomor¬ 
phism 

TNsi-^k) Hom(Pic(A),M) = {xi^u)i<i<r ( log \xi^^\^ 

\ i/GOfc 

■( 2 “ 2 ) 

(cf. [Sal981 (5.18)]); 0^ is the Haar measure on T^g{Ak)/T]\fs{k) induced 
by the Haar measure 0oo on T^si-^k) under the bijection established in 
[Sal981 p. 167], where 0oo is determined by the adelic order norm in [Sal98[ 
Remarks 5.9(b)] and by the convergence factors /3c>o = 1, = Lu{^,T]\fs) 

for p € defined in the proof of |Sal981 Lemma 5.16]; rrioo is the Borel 
measure on A(C) defined by the adelic norm || • ||x; Aoo(Afc)*^ is the compact 
open subset of A(C) such that A(Afc)° = Aoo(Afc)*^ x where 

X{Ak)^ is defined in |Sal981 Notation 6.8]; is the Borel measure on T(fejy) 
defined by the p-adic norm || • \\x^T of |Sal981 Theorem 5.17]. 

We are ready to show that the constant ([2]) in Theorem [1] satisfies (I2ip . 

Proposition 15. With the notation above 

(i) e\T]^si^k)/TNsik)) = {2TrhkW^^Y; 

(ii) moc(Aoo(Afc )0 n 7 r(r(C))) = ( 27 r)^-’'#S^,,; 

YlueUf nYf{Ou)) = K|Afc|-^/2_ 


) l<i<r 


Proof. We first prove (i) According to |Sal98l p. 167], T{k) is endowed 


with the counting measure, and T]\fs{Af^)/T^giAk) is endowed with the 
Haar measure pullback of the usual Lebesgue measure on under the 
isomorphism induced by (1^ . By [Sal98l 3.28-3.30] and |Sal98[ Theorem 
4.14], 


0OO = Yi Yi 


'UJy 


where are the local Haar measures on Txs{kv) canonically induced by an 
invariant differential form of degree r on T^s a-s in [Wei821 §2.2] (cf. the lines 
before Theorem 4.14 in [Sal98j i. By |Sal981 Lemma 5.16] the convergence 
factors Yy coincide with the canonical correcting factors for T^s defined in 
[Ono611 §3.3]. Then, 


e\Tl,s{J^k)/TNs{k)) = c( 0 oo; 7 ^) = \Ak\^/^i{TNs-,k/k) 


by |Ono61l (3.2.1)], where c(0oo;Tjvs) and 'j{Txs'',k/k) are the numbers 
defined in |Ono61l §3.2] and |Ono61l §3.5], respectively. We recall that 
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Tjsfs = ^ is a split torus. Therefore, denoting by Cfc the Dedekind zeta 

function of k, 

-fiTNs] k/k) = jiGm,k; k/ky = (imCs - l)Cfc('S)) = {\Ak\~^^‘^27rhkW'^y'' 


by |Ono61[ Proposition 3.5.1, Theorem 3.5.1] and [Wei67[ Corollary to The¬ 
orem VII.6.3]. 

To prove (ii), we recall that X{Aky = X(Afc), and that X(Afc) = 
XiC)xU:.^^,XiO ly) as X is proper. Hence, Aoo(Afc)‘^ = A(C). Moreover, 
7r(r(C )) = X(C) by [UT5871 (2.7.2)], and moo(A(C)) = (27r)^-"#S™,, by 
|Sal98[ Proposition 9.16]. 

We now prove \(iii)\ Let u G Hj and denote by p the corresponding prime 
ideal of Ok- By |Sal98[ Corollary 2.15, Proposition 9.14], 


n.(r(a)) = #m) 

where Hi, is the Haar measure on the additive locally compact group k^, 
normalized such that = 1. Here is the inverse different 

of a. 

For X G let xOk := (2;pC)fc)peS(i), where (xPpgs(i) G Of is a repre¬ 
sentative of the class x G (Ok/p)^■ Then, with the notation of Subsection 

EH 

#r(Fp) = ^ xiUOk),) = 

Since fJ-{{p^'’)p^T.{i)) = 0 for ah A-tuples of non-negative integers (ep)pgs(i) 
such that Bp > 2 for some p G H(l), we can replace p by the sum p 
running through the set of P = (p®'’)pes(i) with Bp G {0,1} for all p G H(l). 

Let p G S(l). If Dp = Ok, then t)p | x'pOk for all x G F^. If 0p = p, then 
Op I x'pOk if and only if Xp = 0 in Fp. Hence, given d = (p^^)p£E(i) with 

Sp € { 0 , 1 }, 

xeF^ 

Then, 

n,(f(a))=/r.(a)'^E^. 

Moreover, Pu{Oy) = because of the normalization of the 

measures/ij., and K = Op Ea.p by dS]). □ 
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